THE ASYMPTOTIC BEHAVIOUR OF
MASTER EQUATIONS

(Quantum Markov Semigroups)

Franco Fagnola

fagnola@dima.unige.it

WORKSHOP ON QUANTUM OPEN
SYSTEMS

Pavia, October 2004



. Quantum Markov (Dynamical) Semigroups

. Recurrent and transient projection

. Irreducible components

. Unigueness of invariant states

. Convergence to invariant states

. Exponential ergodicity

. Generic generator ...

. 2-photon absorption and emission process



Quantum (Markov) semigroup
A von Neumann algebra (A= (A" )
Tt A— A, t>0
i) (semigroup)
Tola) =a, Ti(T(a)) = Ty o(a),
i) (positive) a>0 = Ti(a) >0,
i) (unital) T,(1) =1
iv) (normal)  aalTa = Ti(aa) T Ti(a),

v) (w* continuous) t — T:(a) Va

T is subMarkov if T,(1) < 1



Classical System.
A=L>®(E,E n), A.=LI(EE n).
Quantum Open System (typical)

A=B(h), A.= LY(h) (trace class).
Often positivity ii) is replaced by the stronger
sp) (strongly positive or Schwarz)

Ti(a*)T(a) < Ty(a*a) Va € A
cp) (complete positivity)

¥t >0, Vne N, aj, € A (1<j,k<n)

ail - Qin Ti(a11) - Ti(ain)
anl °* ann %(anl) : %(ann)

>0



(E,E,n) (u o-finite) measure space

Markov process \ [ Markov semigroup
values in E ~ on L®(E,E&, 1)

L°°(---) commutative von Neumann algebra

A von Neumann algebra

(Q—Markov proc.) N (Q—I\/I. semigroup)

values in A4 on A

Problems:

e the Q-M. process goes to oo (fast/slow) 7
e Or wanders in a “bounded” region 7

e wWhat about invariant states 7

e convergence to an invariant state 7



Classical Markov chain (finite)

Blocks of the transition matrix T

transient states S — x| % | %
recurrent class R; — 0
recurrent class Ro — O0[0] %

*
-

@ initial distribution
n
n
k=1

e supp(v) C R1 U Ry,
o if supp(p) C R, = supp(v) C R, Vk=1,2,
° T]-Rk > 1Rk (Vk=1,2) and T1lg < 1g,

e T1g | O (for n — o) and Y, T™1g < .



T d x d stochastic matrix acts on
A=10°{1,...,d};@% as
(TF)(G) = Xk Tirf(k).
T" is called irreducible if
Vi,j€{1,...,d}, In>0s.t. (IT™); >0
Let A;={fecA| f(k)=0,Vk ¢ I}
T he following are equivalent:
1. T is irreducible,
2. there exists no proper subset I of
{1,...,d} such that T(A;) C Aj.
A;'s are all the hereditary subalgebras of A

i.e. B=pAp for p projection in A



Let p=1;. Then (a)<=(b)

(@) T(Ap) € Aj

(b) Tp<p

Proposition. & positive linear on A with (1) <
1 and let p € A be a projection. Then

P(pAp) CpAp == P(p) <p.

A projection p s.t. ®(p) < p is superharmonic

Definition. 7 is irreducible iff T:(p) < p Vt > 0
implies either p =1 or p = 0.

Goal.

Decompose QMS into irreducible "sub”-QMS.



Fast recurrent projection
7 QMS on a vN algebra A

The support projection p, of a normal invariant
state w is subharmonic Z;:(py) > po Vt > 0.

Prop. Let po be subharmonic projections. Then
p .= SUP, Pa IS @ Subharmonic projection.

S normal invariant states

Defn. Fast recurrent projection

PR = SUPpw, (pw support of w).
weS

Subharmonicity 7:(pr) > pr = (7« predual sgr)

supp(Zxt(o)) C pr
for all state o with supp(c) C pp.




Fast recurrent part of 7

b
t x PRv l*pR

T2(b) = prTi(b)pr Vb = prapr, a € A

Prop. Va € A there exists

1 ot
k . . -
w' = lim = | ppTi(a)prds
and defines a conditional expectation
£:A— F(TH.
(F(TH) fixed points of 7TH).

Decomposition of T8

recurrent class p; — * | 0|0
recurrent class po, — O| x| O
recurrent class p3 — O | O | x
recurrent class —




Thm. Suppose A C B(h) o-finite and
either F(Fx) is finite dimensional,
or A is abelian

Then there exists a sequence (pn),>1 Of orthog-
onal projections in h such that

PR = ) _ Dn, T (pn) = pn Vn,
n>1

2. the reduced semigroup

77" (x) = pnTi(x)pn
(on pnApp) is irreducible.

VYn 7P (QMS on ppApn) has a unique faithful
normal invariant state.



Form potential (A acts on a Hilbert space h)

U (2)[u] = /Ooo<u,7g(x)u>dt vEAy, ueh

Prop. Projections onto {u € h|[Us(x)[u] < oo}
and {u € h | Up(x)[u] = O} are in A and are
subharmonic.

If Up(x) is densely defined we find a selfadjoint
operator U(z) representing the form U,(x).

Aint := {:1: c Ay | U(x) bounded }

Pir = {p proj € A| 3z € Ayt s.t. p=suppU(z))}

Defn. Transient projection associated with 7

Remark. pr < p]{?'



Thm. If 4 is o-finite then

1. there exists an increasing sequence (pn)n>1,

2. pr is superharmonic i.e. Ti(pr) < pp Vt.

Rem. Transient part. 7,/ := %‘p A
TAPT

Defn. slow recurrent projection

. A
pRO -— PR — PT

Defn. A QMS 7 is called

transient if  ppr=1,
recurrent if  pp =0,
slow recurrent if Ry = 1,
fast recurrent if pp=1.

Prop. An irreducible QMS 7T is either transient,
slow recurrent or fast recurrent.



Potentials and superharmonic operators.

Ty (U(x))

7 ([T T@as)

/;O?;(a:)ds < U(x)

Proposition. An irreducible QMS T is transient
it and only if it admits a non-trivial superhar-
monic operator.

Corollary. A = B(h), h separable. A transient
7 has no normal invariant state.

Rem. 3 U(p) = Ti(p) =+ O.

Indeed, U(pn) bounded implies 7;(prn) —n 0. Thus,
if w(7¢(a)) = w(a) Vt > 0, then Jv s.t. w(pn) >
1/2 Vn > v and

1/2 < limsupw(pn) = limsupw(Z¢(pn)) = 0.
n n



A o-finite (7 could be 2-positive)

Thm. The following are equivalent:

T13Jxze Ay, with U(x) bounded and U(x) > O,
T2 3 a positive x € A with U(z) > 0O,

T3 dan increasing sequence of projections (pn),>1,
with p, T 1 and U(pn) bounded Vn.

Thm. The following are equivalent:

R1Vaxe Ay and u € h either Uy (z)[u] = +oo or
Ur(x)[u] =0,

R2V projection p € A and u € h either U(p)[u] =
+oo or Us(p)[u] =0,

Rem. If A = B(h), with h separable, projections
above can be taken finite dimensional.



Asymptotic behaviour

Defn. A QMS 7T is:

a) mean ergodic if 3

1/t
w* — Iim ?/O Ts(a)ds Va € A.

t—00

b) ergodic if 3

w* — Iim Tz(a) Va € A.
t—00

Predual semigroup S = (St)tgo . the unique sgr
on Ax s.t. (§)* = T;.

Prop. Any w-limit p of the Césaro means

ta
% [ Su(0)ds (o€ A

is S-invariant i.e. Si(p) = p Vt.

e Support projection of w € As: smallest proj.
pe As.t. wla) =w(pa) =w(ap) = w(pap) Va.



7 Schwarz QMS - Q1: 4 invariant state ?

Rec. An invariant state exists iff 4 a non-zero
positive w € Ax s.t. (t71 [{Ss(w)ds;t > 0) is w-
relatively compact.

Thm. (FF, Rebolledo 2001) A = B(h) (h sep.).

If there exists X,Y self-adjoint with X > 0, Y

bounded form below with finite-dimensional spec-
tral projections Ey] — oo, 7] s.t. Vi, >0

t
/()(u,?}(Y Ar)udds < (u, Xu)
Vu € Dom(X) then 7 has an invariant state.

(Formally eq. to £L(X) < -Y'; L generator).

Thm. (Emel'yanov, Wolff 2002) Suppose A
semifinite. If there exists a n € A s.t.

t
lim H(n—t_lf Ss(w)ds>
t—o0 0 +

V positive w with ||w|| = 1 then 7 has an invariant
state.

=0




7 Schwarz QMS, p faithful invariant state
uniqueness

F(T) ={aecA|Ti(a) =a}
Prop.
1. F(7T) is a vN subalgebra of A,
2. 1€ : A— F(T) (Umegaki) cond. expect.
Thm. The following are equivalent
1. p is the unique normal 7-invariant state,
2. F(T)=0a-1,

3. liMy—so0 7 [§0(T5(a))ds = (1) p(a)
Va € A,o0 € Ax.



7 Schwarz QMS, p faithful invariant state

Q2: is 7 ergodic 7

N(T):={a€ A| Ty(a*)Ti(a) = Tt(a*a),
Ti(a)Ti(a*) = Ti(aa™) Vt > 0}

Ex. Ti(a) = e tHget! (Hsa) = N(T)=A

Thm. (Frigerio, Verri 1982) If F(7T) = N(7T)
then Va € A there exists

w* — lim Ty(a)
t—00
Remark
e [ his suff. condition is often necessary.

o F(T) =N(T) = periph. spectr. of T; = {1}.



Next step: conditions on the generator of 7
e 7i(a) <aiff L(a) <0
o Ty(a*)Ti(a) = Ti(a*a) iff

a*L(a) + L(a*)a = L(a*a).

o0
£(z) = Gz + Z LyxLy + zG
/=1

e conditions on G, L1,... for p subharmonic,
e relationship between F(7) and G, Lq,...,

e relationship between N(7) and G, Lq,...,



Lindblad’s theorem

A = B(h) (h sep.) and 7 completely positive
norm-continuous i.e.

lim sup | 7¢(z) —z|| =0
t=0gzeB(h),|jz|I<1
semigroup with infinitesimal generator

£:B(h) — B(h), L(z) = norm — lim 72(”"2 —*

= L(z) = i|H, z]
1 @)
+ 3 Y (=LjLyz +2LjxLy,— xzL;Ly)
(=1
where i[H,x] = i«(Hx — xH) and
e Ly, £=1,2,..., and H are in B(h),

e H= H" and >, L;L, converges strongly on h.

Conversely such an £ generates a norm-cont. 7

Remark.

T:(1) < 1 (resp. = 1) iff L(1) <0 (resp. = 0).



Writing G = —3Yy>1 LiLy—4iH  then

L(z) =Gz + ) LjzLy+ zG.
>1

Subharmonic projections

T.(p) >p iff L(p) >0 iff L(pt) <0 then

0>pL(pH)p = pG*plrp+ Y pLiptLp + pptGp
>1

1
> pLyp—Lyp
>1

then pLL,p = 0 (p is Ly-invariant ¥£). Moreover
L(pT) <0 and pL(pH)p = 0 implies

E(pL)p =0 = pLGp = 0.

Prop. A projection p is subharmonic iff p is an
invariant subspace for G and all the qus.

If p is a maximal subharmonic projection reduce
7T to ptApt and go on ...



Existence of invariant states

t
/OTS(Y)ds <X o LX)<-Y
= Differentate at ¢t =0

/Ot%(Y)ds < X — T(X).

- C (10 - x+ [ T0)as)

dt
= T, (L(X) 4+ Y) <O.

Thm. (FF, Rebolledo JMP 2001) A = B(h) (h
sep.). If there exists X,Y self-adjoint with X >
0, Y bounded form below with finite-dimensional
spectral projections Ey] — oo, r] s.t. L(X) < -Y
then 7 has an invariant state.

(add. assumptions for unbd. Lindblad type £)

Rem. If 7 is irreducible any normal 7-invariant
state p is faithful. (The support projection of p
is subharmonic).



7 norm-continuous QMS, L Lindblad generator
p faithful normal 7-invariant state

Thm. f(T):{H,Ll, >{,LQ, 3,...}/ and
N(T):{Lla >I]<_7[/27 57”'}/

Thm. (FF, Rebolledo IDAQP '98) (*). If
{H,L1,L3, Lo, L5,...Y = {Lq,L%, Lo, L5,...}

then T is ergodic (7T:(a) w*-conv. for t — o0).
If, moreover, N(T) = @1 then p is the unique
faithful normal invariant state.

(*) Additional assumptions also for non norm-
continuous 7



Example: decay to vacuum

h = ¢2(IN) c.o.n. basis (en),>0. Generator
L(z) = i[H,z]
1
5 > Yim ({lem){eml, x} — 2|em) (e1]x|e;) (eml)
[<m
where, H 1= 3", ,>0¢&mlem)(em|,em € IR, vy > 0.

Origin: stochastic limit of
(reservoir) + (system) 4 (dypole interaction)

Define the number operator N := Y, m|em){em].
For “good” functions f € /°°(IN;QT)

LUFINY) = D > um(fQ) — f(m))lem){em]

m |<m

= > IN_kN(F(N—Fk)— f(N))

k>0




Example: decay to vacuum 2

L,'s here are the L;,, = "YllT/nQ|€Z><€m| and

G = —% (Z (Z Wm) |€m><€m|> —uH

m \l<m

Note that [G, N] = 0 (/N number operator).
p Subharmonic projection

= vl%2|plez><pem| =0 Vi<m

& if 5y, > 0 either pe;y = 0 or pre; =0

& if vy, > 0 either plem = em or pe; = ¢

Suppose, e.d., 741 > 0 VI then preji1 = ejqq
or pe; = e; i.e. p has the form

k
p= > lej) el k€ INU{+oo}
7=0



unbounded L,, H
Hypothesis H-min
(i) G generates a strongly cont. sgr (7) on h,
(iil) Dom(Ly) D Dom(G) V¢ > 1,

(iii) 3 ¢ € R constant s.t. Yu € Dom(G)

2Re(u, Gu) + > || Loul|® < cfjull®.
>1

Define

£(x)[v,u] == (v, zGu) + Z(L[U, xLou) + (Gv, xu)
14

Thm Under Hyp. A 3 a QDS satisfying

(0, Tiw)u) = (v, 20) + [ £(T(2) v, ul ds
Vu,v € Dom(G), Vz € B(h).



The QDS satisfying
(0. Ti@)) = 0,20+ [ ETE)E,ulds (B)

a) not nec. unique, b) might satisfy 7;(1) < 1.

Prop. The following are equivalent:

1. 7 is the unique solution to (E),
2. T,(1) =1,

3. the domain of the generator L of T is

{x € B(h) | £(x) is bounded }.

Thm. (FF, AMC) (Techical assumptions ...)
Suppose that 3 a self-adjoint X such that:

Y LjLy <X, £(X)<bX.
14

(b constant). Then T;(1) = 1.



h = ¢2(IN), a annihilation, af creation, N number

2
£(x) =Gz + > LjzL;+ zG

/=1
D(G) = D(N?),
)\2 FLQ
G = —?a2a+2 —?a+2a2 —jwat24?

A>0,u>0, we R.

D(L1) = D(L3), Li=pa? Lo=XaT2

Regular if A< pu ... X = N2, £(X) < bX.
Not regular if A > pu

Subharmonic projections it A > 0

0, pe = Y _ lesr){eskls Po = D leogpt1)(eak+1l, 1
k>0 k>0

Indeed Ti(pe) = pe, Tt(Po) = po.



Ae i= peApe, Ao = poApo,
Ti(Ae) C Ae, T:(Ao) C Ao.

¢ =T,

TP =T,

Ae ' AO

Faithful invariant states (v =A/u < 1)
T pe=(1—v?) X2 gv¥eny) (el

T2 po= (1 —1v2) % qv2*|eat1)(eopt1l

F(T)=NT°) = -1=F(7T°) =F(7T°

Then pe (resp. po) is the unique invariant state
of 7¢ (resp. 7°) and, for any even state o oOn
Ae (resp. odd state o, on A,), we have

tlLrQo T:(0e) = pe; t“_}”go T,:(00) = po.



F(T)=N(T)= Spaﬂ{pe,po}.

Thm. For A > 0 all the 7-invariant states are

A Pe _I_ (1 T a)p07 Q€ [07 1]

and, for all state o on A,

w — t“—[Qo Tt(0) = tr(pepe)pe + tr(popo) po-

If A = 0 all subharmonic proj. are generated by

n m
> leok) (eakl, > leog+1) (€241l

(n,m € IN U {+o00}). All the invariant states are

> ojkles) ekl

0<7,k<2

_ - >
000,011>0,000+t011=1,001=010.|001|"<000011-

Moreover
w— lim Ty (n)
t—o0

exist ... exponential speed.
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